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1. The required values for P and C needed for this question are that the ground state mesons
are J = 0~ with the 7%,  and 1’ being J¥¢ = 0=, while the first excited state mesons
are JP =1~ with the p°, w and ¢ being JP¢ = 177, as listed on the handout.

These can also be obtained from the following. Any state of orbital angular momentum L
has a parity for the spatial part of the wavefunction of P, = (—1)%. If the state is made of
a particle-antiparticle pair, then the charge conjugation operation changes each one into
the other and a subsequent parity operation returns the state to the original one. Hence,
the C value must be the same as for P, namely Cp, = (—1).

Hence, any fermion-antifermion pair has an overall parity P = (—1)X*1. A state with the
same type of fermion-antifermion is an eigenstate of C' also, with a value C = (—1)5+5,
where the other factors come from the spin and intrinsic C' values.

The photon has an intrinsic parity of P = —1 as the A* field is a polar (true) vector and
the spatial components change sign under parity. The photon value of C., = —1 as the
electromagnetic fields and potentials change sign under a charge conjugation operation on
all the charges in a system. Hence, the photon is J¥¢ = 17—, which is the same as the
excited state mesons.

There is also an issue of either Pauli or Bose-Einstein symmetries if there are identical
fermions or bosons, respectively, in the final state.

Taking each decay type in turn;

e For the photon decays, then in the absence of any conservation law, the expectation
would be that the three photon decay would be approximately a factor of o = 1/137
lower than the two photon decay. This is clearly not the case.
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The C value of all the initial states is C' = +1. The C value of a state of n photons is
Cry = (—1)" and so to conserve C, then n has to be even. Therefore, the two photon
decays are allowed but three photon decays are forbidden.

e For the electron-positron decays, again in the absence of any conservation law, then
the eTe~ete™ decays would be expected to be a factor a? less than the eTe™ de-
cays. In addition, the p® and 70 decays would be expected to be roughly the same
magnitude.

The decays are via virtual photons; as above the 7° must decay via an even number
of photons, while the p°, with C = —1, must decay through an odd number. Hence,
the p° can decay through a single virtual photon to ete™ and so is proportional to
a?. The highest diagram for p® — ete~ete™ involves three photons and is therefore
ab and so is heavily suppressed.
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However the 7 must decay via two photons, either to ete"ete™ which is a?, or
possibly to ete™ through a box diagram, which has the same number of vertices and
hence power of a*. Hence, the 7% — e*e™ decay is not absolutely forbidden, but just
suppressed.

Consider the decay n — w7 ~. The initial parity is due to the  and so is P = —1.
Parity due to orbital angular momentum is (—1)% so the total parity of the final state
is (—=1)%(=1)(=1) = (=1)L. However, as all the particles involved have spin-0, then
to conserve angular momentum, then L = 0 also. Hence, the parity of the final state
is P = +1. This decay is therefore forbidden by parity conservation. This argument
holds for any of the ground state mesons decaying to any other two and so is true
for the n’ also. In contrast, the 777~ 7 final state can have any value of L between
(for example) the 77~ but then must also have the same L between this pair and
the 7° so as to be able to combine two orbital angular momenta to give zero overall.
Hence, the total parity is (—1)%(—1)(—=1)(=1)(=1) = —1 and this is allowed by
parity conservation. The 707070 state is very similar except Bose-Einstein symmetry
requires the first 797Y pair to be in an even L state, so only even values of L are
allowed. However, the overall parity is still P = —1.

For the p°, the initial state is again P = —1 but it now has J = 1. Hence, for two pions
L =1 is required and so the final state parity for two pions is (—1)%(=1)(=1) = —1.
This means p° — 77~ is allowed by parity conservation. Again, the same argument
holds for any first excited state meson decaying to two ground state mesons and
so pt — 779 is also allowed. Note, the p® decay must also obey C conservation,
whereas there is no defined C value for the p* as it is not a C' eigenstate. For a 77~
state, then C' = (—1)* = —1 which is the same as the p° and so the decay is allowed

by C' conservation also.

However, the decays p® — 7%7% and p® — nr¥ are not. Since the final state particles

are C eigenstates, then a C' operation simply gives a factor of Cﬁo =+41or CrC, =
+1 respectively as no further exchange of the particles is required to obtain the
original state. Hence, these decays are forbidden by C' conservation. Note, the p? —
7979 is also forbidden by P conservation, as the Bose-Einstein symmetry requires

that the two identical bosons are in an even L state.



2. Applying the operator combination to ¥ gives
(M —A)T =" a;(M — Ay
i

But, by definition X
Ay = Nt

SO

()\1 — A)\If = Zai()\l — )\Z)wl

Hence, the term containing 1 is multiplied by zero and so is removed. All the other
coefficients get an additional factor Ay — A;. With only two eigenvalues, then this becomes

()\1 — A)\If = Ozg()\l - )\2)1/12

so that .
A—A
U=PhRU=
N 2V = i)
Thus P, removes 1 and leaves the coefficient of 12 unchanged. Similarly
Ao — A
U=PU=
e 1 a1
The definition of B is .
~ 24— (N + N\)
p="C_ AT
(A1 = A2)
Therefore
o 240 — (M A 2000 — (M A A — Moty
By, = = = =1
(A1 — A2) (A1 — A2) (A1 —A2)
and similarly
o 240 — (A A 2o — (A1 Aa)Ye  Aatho — Aithy
By = = =

(A1 = A2) (A1 = A2) (M=)
Hence, B has the same eigenstates as A, but with eigenvalues of +1. Also consider
B> = BB(ony1 + agthy) = Blonyh — agthy) = anthr + gty = 0

Since this holds for any state ¥, then B2 = 1.

Solving for A in terms of B gives

.1 .
A= 3 [+ 22) + B = M)
Hence . .
s d—A M= AM)—BA—X) 1,
LD VD 2(A2 — A1) 1+ B)

and similarly X X
- AM—A (M —=X)—BA—X) 1 -
P, = = =-(1-B
SR VISP 2(A1 — \2) 5 )




Cross check that these do indeed act as projection operators

PV = %(1 + B) (o191 + agiby) = % (191 + aatha) + (a1 — aoth)] = arn

and similarly

[((1¥1 + agipa) — (11 — aziha)] = athy

PV = %(1 — B) (o191 + agthy) = %

and so P; o do act as projection operators.

The other properties follow as

1 R | L 1 5
Pf:Z(1+B)(1+B):Z(1+2B+BQ):5(1+B):P1
Similarly
5 1 . 1 ! .
Pi=-(1-B)1-B)=,(1-2B+B%)=_(1-B) =P
Also )
PPy = (1+ B)(1—-B) = itk B*) =0
as does )
PyPy= (1~ B)(1+ B) = it B*) =0
Finally

Pi+Py=5[(14+B)+01-B)=1

N =

. The handedness eigenvalue equation is
1
575@0 =AY
Applying the handedness operator again gives
1

1
477w >\27¢ A%

Since v9v° = 1, then this means

1 1
M= so A=+4=
4 2

With A = +5/2, then taking A; = 1/2 and Ay = —1/2, then

A-(M+X) -0

.9
B = =
1 — Ao) 1 7

Hence 1 1 . 1
P==(14B)==(14++° P=-(1-B)==(1-+°
as expected.

The Dirac Hamiltonian is
H = —ir"4.V +mn°



Hence, the commutator with the handedness operator is
A1 1 1
H. = 5 — 0 V.- 5:| |: (O 5:|
{ 72’7} 1{7’)’ 57 +’m’Ya2’Y
i

= -3 (70,775 _ 7570,),) V 4+ % (7075 _ 7570)

But, since 7° anticommutes with all the v*
(7,7} =7+ =0
then switching +° and any v* introduces a minus sign, so

NN N .

and
PPy = =%y =7099°
Hence |
{H : 575} = myy°

and hence does not commute.
The Dirac equation is

ity = myp
or

Yo = —imap

Hence, taking the Hermitian conjugate

(Qﬂﬁ)v’” = imd)T

and using
7T = 70940
then
(00" )7* 9770 = imapT°
SO

(@@)v“ = imﬂ

is the Dirac Hermitian conjugate equation. Taking the derivative of the % current gives

(V" °P) = (07" + Py (9)
= (8" — " (Out))
= (imY)y*Y — ¢y (—imy))
= 2imy°Y
Hence, the current is not conserved. However, in the limit of zero mass, the Hamiltonian
commutator becomes zero and the current becomes conserved.

Applying the handedness operator to each state in turn

0 010 a a
1{oo0o01 b | 1| b
21100 0 a |l 2| a

0100 b b



and

0 01 0 a —a a
1{oo0o01 b | 1| -b | 1 b
21100 0 —a | 2 a | 2| —a

010 0 —b b —b

Hence, these states are eigenvectors of handedness with eigenvalues of £1/2 (or equivalently
right-handed and left-handed), respectively.

The Dirac solutions are not of the form of these eigenvectors and so are not eigenstates of
handedness. However, in the high energy limit or when the mass is zero, then £ ~ p > m
and so p/(E +m) — p/E — 1. Hence, in this limit, the Dirac solutions go to

Ulz\/E s UQ:\/E

O = O
— O~ O

and so are also handedness eigenstates of eigenvalues +1/2 respectively, which therefore
correspond to helicity in this limit.

The explicit form of the P 2 operators in the standard representation is

1 0 £1 0
1 5 1 0 1 0 +1
0 +1 1
so applying P; to u; gives
L+p/(E+m)
Py = app = YEE™ 0
TR T 1+p/(E+m)
0
Hence
1+p/(E+m)
aPvkon = == (1+p/(E+m) 0 T+p/(B+m) 0 )| 00
0
E+m

) [+Eim}2_(2&ﬁ:@§)2

Assuming @DLJ/}R = 2F, then

(E +m + p)? B E?2 +m? +p? +2Em +2Ep + 2mp

2
o AE(E+m) AE(E +m)
2E(E+m)+2p(E4+m) E+p 14+ (p/E) 1+
4E(E +m) 2B 2 2
Hence
|a| — ﬂ
2



Similarly

1—p/(E+m)
VE+m 0
Pouy = bypp, = ————
P EILETT | cp(E )
0
SO
1—p/(E+m)
E+m 0
2,1 _ _ —
0
_ E+m{1_ P r_(Eer—p)2
- 2 E+m]  2(E+m)
and so
b2 (E+mfp)2:E2+m2+p2+2Em72Ep72mp
AE(E +m) A4E(E +m)
_ 2E(E+m)—-2p(E4+m) E-p 1-(p/E) 1-p
4E(E 4+ m) 2B 2 2
which gives
1-p
ol =57

Hence, the helicity +1/2 eigenstate has amplitudes of /(1 £ 3)/2 of right- and left-handed
states respectively.

. The general formula for the partial width of a particle X is

_ [MPPp
2mX

r

The phase space for a two-body decay, neglecting masses, is

dp 1
dQ 3272

For the W~ decay to e” 7, the matrix element is given as

2 M2
(|M2) = DWW
3
Since this is independent of solid angle, the integral over {2 can be done immediately to
give
I |
P~ 3222 " 8

Hence, the partial width for this decay is

2 72 2
_ L gwMp, 11 g My
rw- — .) = W _— =20
( ) 3 8w 2Myy 481

In terms of the Fermi constant, this is

giv Miy _ Gr My
8M3Z, 6 /2 6m

W™ e 7)) =



With My = 80.42 GeV, this is 0.228 GeV.

The possible decay modes for the W# are to leptons, specifically eve, pvy, and TUz, or
to quarks, specifically ud, us, ub, cd, c¢s and cb. No top quark decays are allowed as
my > Myy. Neglecting the masses, then because of the universality of the weak coupling
gw, all the leptonic decays have the same rate as above, I';. This is not true, however,
for the quarks as the matrix element for ud, for example, will have an extra CKM matrix
element factor V,4 and an extra factor of three because of the three colours of quarks, and
so will be different from that for the leptons. The partial width to ud will therefore be

Tud = 3|V’ T = 0.666 GeV
Similarly, the other modes will have CKM factors; the total quark decay rate is therefore
Ty =3 (IVadl? + [Vasl® + Vi + [Veal? + [Vesl* + [Vas*) T
However, the CKM matrix is unitary, meaning
Vvi=1
which means
ViiVi; = dik
Hence, fori =k =u
VadVia + VasVils + ViV = [Vaal* + Vsl + Vi = 1
and similarly for ¢ = k = ¢, so
I'y =6I'y = 1.365 GeV
Hence, the total width is
I'=3l'+T, =911 = 2.05 GeV

and the lifetime is therefore

1
T=f=3.2><10*25s

The branching fractions to each lepton type should be

r 1
BW™ —=11) = fl =5 =111%

and to hadrons will be

r 6
B(W~ — hadrons) = ?q =9 66.7%

The fractions of the hadronic decays which contain ¢ and b quarks is

Vel Vsl + Vi ?

5 = 0.08%

Ve
2

R, = 50%, Ry



d.

(i)

(i)

(iii)

The Feynman diagram for pion decay is

The matrix element depends on the physics of the interaction causing the decay. The
phase space is a measure of the number of final states available for the decay and is
independent of the way in which the interaction happens. The width is a measure
of the uncertainty in the mass of the unstable particle and is inversely related to the
lifetime.

The ratio of the magnitudes of the phase space for the two decays is

2
s

2
™

m_ —1Mm

2
5 = 2.34
mz —m;,
Hence, purely from the phase space, the electron decay would be expected to have
the larger branching fraction by a factor of 2.34. Therefore, the strong suppression

of the electron decay must come from the matrix element.

Combining the phase space and matrix elements, the ratio of the partial widths for
the two decays is

202 92\2
me(Ie Z )" _ ) o5 1074
mu(mﬂ - mu)

which is in reasonable agreement with the measured value.

Being an antiparticle, the antineutrino must have been produced in a right-handed
state. Since it is assumed to be massless, and so has § = 1, then this has no helicity
—1/2 component and the antineutrino must have helicity +1/2. Since the pion is
spin 0, then to conserve angular momentum, the lepton must also be helicity +1/2,
so the spins cancel, as shown below.

P m SY
%S HS/
h=+1/2 h=+1/2

The leptons must be produced in the decay in left-handed states. However, from the
diagram above, they must have helicity +1/2 to conserve angular momentum. Hence,
there is a suppression factor of 1 — 3; in the rate due to projecting the left-handed
state onto the helicity +1/2 state. This suppression factor would be zero for a particle
with §; = 1, i.e. a massless charged lepton and this explains the behaviour of the
matrix element for m; = 0. The electron is much lighter than the muon, so it has a



much higher velocity leading to a heavier suppression and so the much lower electron
branching fraction.

(vii) The charged kaon has new types of decays available to it as its mass is high enough
that is able to decay hadronically to two or three pions or semileptonically to lepton,
antineutrino and pions. Hence, with these extra channels, the purely leptonic decay
modes do not completely dominate the decays.

The ratio of the electron to muon decays should be given by an equivalent expression
to that in part (iv) above

2

2 92
e(mie Ze)” 57 % 107
m,u(mK - mu)

m

and so the electron decay mode would be expected to be 1.63 x 107°.

6. Usi
o K§ =N (KY+ekl), K =N(K§+ek?)
then
K X0 R ek K= 2 (0RO e (0 )
SO
K§= [0+ 0k + (1 -0R"], K= [0+ 0K - (1=K

Adding and subtracting these, then
NV2(1+ 6K =K%+ K9,  NV2(1-eK =K% K
SO

KO:%E)(KngK%), K= ———— (K§ - K?)

An initially pure K° beam is in a state at time zero of

1
)= ———— KO +KO
v (0) N\/§(1+6)< S L>
At a later time, the state is
1
t)= —=— | fs() Kg + fL(t) K}
where
fS(t) — e—imste—l"st/27 fL(t) _ e—imLte—I‘Lt/z

To find the rate of semi-leptonic decays, 1 (t) must be expressed in terms of K° and i’

1 N — .
Y0 = Y AITOVE [Fs(U+ K + fs(1 = K+ fL(1+ K — f1(1 - K|

1 —0

= 21 +6) [(fS+fL)(1+6)KO+ (fs — fu)1 — oK }

Therefore, the [T semi-leptonic decay rate goes as

(1fs[? + oI + 2Re(fs f7)]

=] =

Rate(I™) oc 117+ ul? = & (IfsP + 1o + fofi + fafe) =

10



This gives
1
Rate(l+) x 1 [e—l“st e Tt 49 COS(Amt)e—(Fs—i—FL)t/Z}
Similarly, the [~ semi-leptonic decay rate goes as

1)1 —¢?
41+ €|?

Rate(l™) {\f5!2 + £l - 2Re(fsf£)}

which gives
11 —¢?

Rate(l™) o It e?

[e‘rst +e et _ 9 cos(Amt)e_(FS+FL)t/2]

Hence, the positive lepton rate is unaffected by indirect CP violation but the negative
lepton rate is reduced by a small factor. These rates are shown below for € = 0.023¢m/4,
which larger than the actual value by an order of magnitude so as to make the effects
visible.

Initial K® — Semi—Leptonic Decay Rates

Rate :
09 f

2 T No CP Violation
07 [ —— Indirect CP Violation
£ =0.023e™*
05 F
04 [

03 |

0.2 |

O7\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

0 2 4 6 8 10 12 14 16 18 20
Decay Time (t/7,)

The asymmetry of the rates is
Rate(I™) — Rate(l™)
Rate(lT) 4+ Rate(l™)

(1 — H;jz) (e‘rst + e_FLt) + (1 + H_T_jz) (2 cos(Amt)e_(FS+FL)t/2)

(1 + ‘1—6‘2) (e—FSt + e—FLt) + (1 _ |1—€|2) (2 COS(Amt)e—(FS+FL)t/2)

4 =

[1+ef? [1+e[?

4Re(e _ _ 2(14¢|? B
\1+€(\2) (e Tst 4 ¢ FLt) + w (2 cos(Amt)e (F5+FL)t/2>

2%%5'22) (G*Fst + e*FLt) + TF:SQ) (2 COS(Amt)e*(FSJrFL)tﬂ)
2Re(e) (e*Fst + e*FLt) +(1+ ’612) (2 COS(Amt)e’(FSJFFL)tﬂ)

(1+ [€2) (e Tst + eTrt) 4 2Re(e) (2 cos(Amt)e—Ts+TL)t/2)

11



which is shown below for the same value of € as above, along with experimental data of
this quantity.

Initial K® — Semi—Leptonic Decay Asymmetry

AL
os L\ No CP Violation
: ——— Indirect CP Violation
. e =0.023e"*
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0.2 |-
O —
,0‘27‘”\‘”\”‘\‘H\H‘m”m”m”m”m”
0 2 4 6 8 0 12 14 16 18 20
Decay Time (t/7,)
0.8

asymmetry
o o
-3 ~N

0.4

o
5]
TTTTT T T T

03 |
02 [

0.1 |

Eot o L b b a a e L
2 4 6 8 10 12 14 16 18 20

T/Ts
terms dominate and the beam is effectively

Note, in the limit of very large times, the e T L?

pure Kg. In this limit
2Re(e)
(1+el?)

and hence the K? has a different branching fraction to I+ as [~, which is a direct reflection
of CP violation.

Al%

To find the hadronic decay rates, the pure K state needs to be expressed in terms of K
and K9, so

Y(t) = N\/§(11+6)N fs (KD + e8) + fr (KS + ek?)|

12



T (s e KL Ut ef) K

Hence, the two pion rate goes as

Rate(2r) ox fs +eful? = s (IFsl? + |ePIful? + 2Re(e f37) )

1
2/1 + €2 2|1+ €2

Writing € = |e|e?®, then this is

Rate(2m) o [e_rst + le]2eTet 1 2|¢| cos(Amt — ¢)e_(FS+FL)t/2]

2|1+ €|?
Hence, compared with CP conserved case, the overall rate is reduced by a small amount,
there is an oscillation with amplitude |¢| and a long-lived component with size |e|2. Tt
is this long-lived component which gives the 27 rate which was observed to discover C'P
violation originally.

For an initial K beam, the state is

1
YO = 550 (FsKE - fu(t)K?D)

50, in terms of Ky and K9

ot = fs (KD +ek9) — fr (K9 + ekY) |

1
N\/i(l—e)N{
1

= s Us = e K = (o = efi) K]

and so the two pion rate goes as

1
Rate(27) o =————|fs — efL|* = 5

T 5 (Ifs/? + el ol — 2Re(e" fs 7))

1
1 —¢
which is

Rate(2m) oc [e_rst + |e|?e~ et — 2|€] cos(Amt — ¢)e_(FS+FL)t/2]

2|1 —€f?

Hence, in this case the overall rate is increased by a small amount, there is again an
oscillation with amplitude || but with an opposite sign, and again a long-lived component
with size |e|2.

These two are shown below for the measured value of €, along with experimental data.

13



Two Pion Decay Rates

Rate f
o'\ T No CP Violation
g Indirect CP Violation
i e =0.0023e™*
1072;
,37
0 E
oL Initial K°
5oL Initial K°
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Decay Rate
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10°

Ty

104

LR R ALY |
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Utg
The asymmetry of these rates is
4 Rate(Initial K — 27) — Rate(Initial K - 27)
o = —
" Rate(Initial KO — 27) + Rate(Initial K° — 27)
1

) (7" + lelPe ™) + (17

[1—e[?

) (2\6\ cos(Amt — ¢)e_(FS+FL)t/2>

) (€77t [el2eTet) + (1

14

1
1—¢?

) (2|€] cos(Amt — ¢)e~Ts+TL)t/2)



—2Re(e) (e—Fst + |6|2€—FLt) +(1+¢?) (2|€| cos(Amt — ¢)6—(FS+FL)t/2>
(1+ |ef?) (e7Tst + |e[2e~Trt) — 2Re(e) (2|e| cos(Amt — ¢)e~ (Vs +TL)t/2)

which is shown below. Also shown are experimental results, but note this asymmetry
definition is inverted compared with the one calculated above.

Two Pion Decay Asymmetry

AL No CP Violation
——— Indirect CP Violation
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