Homework Assignment 9 - Solutions, Advanced Particle Physics,
Physics Department, University of loannina

Particle Physics Homework Assignment 9
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Prof. Costas Foudas 26/09/22

Problem 1: Write down the spinor for a positive energy neutrino of negative helicity and
show explicitly that it is an eigenvector of both helicity and handedness (chirality).

Solution:

The mass of the neutrino is very small and can be assumed zero for the purposes of this

exercise. Hence, the spinor for a negative helicity neutrino will be

VL(x) = ‘/E(ag,)xze—ip-x where %’ = ((1))

As in Homework Assignment 7 we can represent this schematically as shown in Figure 1.

S

ﬂ
—

P

Figure 1: 4 neutrino which moves with momentum P and has a polarization (helicity)

which is opposite to the direction of motion.

This spinor is an eigenvector of both helicity and handedness because:

Helicity:

D2 A a'A 0 1 _i X 1 > A _i ‘X
S pv.(x) = ( 0p E-i))@(a-i))xze Py = ‘/E(a_ﬁ)[C'PXZ]e P
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Homework Assignment 9 - Solutions, Advanced Particle Physics

Physics Department, University of loannina
One can choose for convenience the unit vector along the momentum direction, p , to

be along the z-axis and this way we have

M
>
<
~

Hence,

and our chosen spinor has indeed negative helicity

Handedness or Chirality
1 1 —in. - -
YsVL ( )«/E(_. A)Xze px _ ‘/E(o p)xze ip-x
0 o-p 1

However,
)(G-p) = pp =

Hence,
A __l X

venls) = VB Jorine 7 = (v

and the spinor has negative handedness also. This of course is no surprise. As we have

shown in class, positive energy (particle) solutions of the Dirac equation with zero mass

¥:¥(x) = Zp¥(x)

obey:
In general we have that for any positive energy massless solution of the Dirac equation
v (x «/E(_, A) with ' ( ) and %’ ( ) that:
. p\p(ﬂ( ) = +W(x

Y%7 (x) = 29" (x)

where the upper sign is for s = 1 and the lower sign is for s =2
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Homework Assignment 9 - Solutions, Advanced Particle Physics,
Physics Department, University of loannina

For massless negative energy solutions as we have seen there is an extra minus. Consider

a massless negative energy solution:
s = ip X

v (x) = ‘/E(—(_i‘?’)a.i,x e

It is easy to show that here we have that:
T HW(x) = 297 (x)

- — —w®
¥s¥7(x) = F¥(x)
where the upper sign is for s = 1 and the lower sign is for s = 2. This of course is a direct
consequence to the fact that for negative energy solutions we have that:

¥s¥(x) = —Zp¥(x)

Problem 2: If V[ isa spinor describing neutrinos of negative helicity show that

1+y; -0

Vi

1—-y;
2

Using the results from the previous problem we have:

v, = v, and

Solution:
1+y, 1+(—1)
2 VL(x) = 2 VL(x) = 0
and
1-y 1—(-1
ey, () = 0y () = v ()
Problem 3: Prove the identity:
1 - 9P M- 2 )1+ 8p) + Lf1+=L2)1 - 5p)
E+M 2 E+M 2 E+M
where p = |p| and p = P/p
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Homework Assignment 9 - Solutions, Advanced Particle Physics,
Physics Department, University of loannina

Solution:

Let
(1)

( —E‘f]’w =A(1+3p) +B(1-35p

We are entitled to do this because the Pauli matrices and the identity matrix form a basis.

Using this and (1) we have:

1=A4+ B (2)
14

- = A — B 3

E+M )
From (2) and (3) we get that:
1 P 1 )4
= —|1 — B =—|1+
4 2(1 E+M) and 2( E+ar) @

Finally (1) and (4) give:

197 ) _ 1y _
2 E+M

E+M

Similarly one can also derive:

Gp 1 p - n
1+ = |1+ 1+ + —|1
( E+M) 2( 1 +355) + 3
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Homework Assignment 9 - Solutions, Advanced Particle Physics,
Physics Department, University of loannina
1 - ) ) o .
Problem 4: Show that the operator % acting on a spinor describing a negative

energy spin half massive fermion will result to a spinor with both positive helicity (right
handed) and negative helicity (left handed) components. Further more show that the left
handed component is suppressed by the ratio M/E . Hence, if the particle is massless it
results to a pure right handed (positive helicity) spinor.

Solution:

We start by applying the projection operator on a negative energy solution:

. AN

St ARVENIN - T ]| o Mt g
2 2\-1 1 1

(1 - vs)

U= ¥y - 1 —(—1 __ 8P |, ipx
Y 2«/|E|+M +1)(1 E—M)Xe (1)

However, using previous results one can show that:

(1— Sp =1(1— P (1+6;;)+%(1+ P )(1—6;;) )

E-M 2 E-M E-M

Using (1) and (2) we have:
1 - -
Uy - Lo (1)

X [(1 - EfM)(l + &p) + (1+EfM)(1 - a;,)]xse—ipx

Lecturer Prof. C. Foudas 5 Costas.Fountas@cern.ch



A EE
%9; .
Tk =E)
HE Ze)
50, W 58
-:;b%s.mms';g?

Homework Assignment 9 - Solutions, Advanced Particle Physics,
Physics Department, University of loannina

By taking in to account that the energy is a negative number we have that:

Hence, the spinor has both positive and negative helicity components. As seen here at
high energy the positive helicity component dominates. During the lectures we have
shown that the coefficient of the negative helicity component vanishes at high energy and
approaches zeroas ~ MI/E .

Problem 5: Consider a massive chiral fermion given by:

(1 - Ys)

¥, = 3

L4

Define the polarization of the chiral massive fermion to be:

2 2
|Cre| — O La]

P =
2 2
| rn| F[%Ln]
Where o, H|2, 5 le are the positive and negative helicity amplitudes of the fermion

Show that P = —%=—B where p, E are the momentum and energy of the fermion.

Solution:

First we express the positive energy chiral fermion in terms of positive and negative
helicity components as we did in the previous problem:

2

St gl ( )X }
E+M
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(1 - Ys) _ 1«/E+M +1 Xse—ipx (0
2 E + M

However,

L ’ a1 5
O R =y LR R () (R L G

Using (1) and (2) we get:

1 —
Lo ¥y - L) <

x |1 = =2—|(1 + 3p) + [1+—=L_|(1 - &p)|x' e P*
[( E+M)( 3 ) ( E+M)( OP)]Xe
Hence
2 2
, , 1= =] -1+ 2L
|0 rm| —|%Ln] E+M E+M
P = oo i = 2 2 =
|Cre| T Ln] 1 - _P 1+ P
E+M E+M
_ _4p _ _4p __4p
P E+M E+M_ _ E+M
2 2 2 —_
2+ 2P E—-M 2|1+ £2M
(E+M) (E+M) E+M
_ _4p
p = E+M __P
,|E+M + E-M E
E+M

As seen here the magnitude of the fermion polarization is simply equal to the relativistic
boost of the particle in the laboratory frame which can be measured experimentally. This
was used repeatedly by experiments in the past which measured the lepton polarization in
weak decays in an effort to prove that the weak interaction is described by a V-A current-
current Lagrangian.
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