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Particle Physics Homework Assignment 7

Prof. Costas Foudas, 29/11/22
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Problem 1: Consider ¥ = ( A) to be solution of the Dirac equation where # 4, U are
Up

two-component spinors. Show that in the non-relativistic limit where [ is considerably
smaller than 1, u, ~ f = vlc.

Solution:

Consider the positive energy Dirac spinor:

1
u(E,p) = VE+M| &p |1
E+M

The lower element is depends upon velocity and this is the part that changes as velocity
changes. This part needs to be re-written appropriately so we can study what happens at
the non-relativistic limit:
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At the non-relativistic limit the momentum is much smaller than the mass and the ratio of
momentum over mass is a small number. So lets decide to compute this result of order

ﬁ . Hence, we can drop higher order terms to get
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Therefore, at the non-relativistic limit we have that:

1
uy(E,p */ZM(&.i)é)’ x

This is the reason that for particles (positive energy solutions) in the non-relativistic limit
the lower component is smaller than then upper and it is referred to as the small
component.

Problem 2: Show that at the non-relativistic limit the motion of a spin half fermion of
charge e at the presence of an electromagnetic field 4* = (A"; A) is described by:

-> >\2
(p;;A) —2;6’B+eA]x Ey

where B is the magnetic field, ¢’ are the Pauli matrices and E= p’—m . Identify the g-
factor of the fermion and show that the Dirac equation predicts the correct gyromagnetic
ratio for the fermion. To write down the Dirac equation at the presence of an
electromagnetic field substitute: p* — p* — ed”.

Solution:

The Dirac equation at the presence of an electromagnetic field can be written as:

[r/(P,—ed,)-m]u(p) = 0 (1)

where P,, P are the energy momentum operator and the vector momentum. From (1)
we have that:

[yP 5 p—ey’ Aytej-A— m] (p)=0=

p,—m—eA, —G:-p+e 3-2](1)

+5-p—ed-A —p,—m+ed,|\¢

(py—m—ed,) x—5-(p—e-A)p = 0 )
and .

3'(ﬁ_e'A)l_(p0+m_er)¢ =0 3)
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In the non-relativistic approximation terms ~ 4,9 can be neglected. This uses the
results form the previous problem (small component) and assumes that the field is weak.
Hence, from (3) we have that:

_ &(p=eq)
? = pam X 4)
and by substituting into (2) we get:
3(p—e-A)3-(p—e 4)
(P —m—eA )){ ot x (5)
¢ (f)—e 2)3' (f)—e ;‘1) = Gi(i’_e':‘i)iaj(i’_e':‘i)j =
6-(p—e 2)3‘ (p—e 2) = }'Jz—eo'iaj(piA].+A,.pj)+e2 A (6)

Note that the momenta and vector potentials do not commute since the momentum is an
operator p,=—1i0;

O-j(piAj+Aipj)q’ = (5 +l81]k )(PiAj'*'Ain)qI =

+AD)P+ie

=t
:ki

o, (p;A+A,p)¥ = (P w0 A Y+ie, o, 4,p, ¥ =

=t
h;&

aiaj(piAj+Aipj)Y’ = ( +A- }'))Y’+tsyk ( 6)A Y+ic;o, A (—16)

by executing the differentiation of the product and canceling the relevant terms we get:
O.iaj(piAj+Aipj)ql = (i’2+2ﬁ) YI'*")'kgla'j(aiAj) ¥ =
o, (pA+A4,p)¥ = [pA+AD+5BlY (7)

where the last term results of a coupling between the spin and the magnetic field. From
(5) (6) and (7) we have that

(Po_m_er)X = £ : X =

(Po_m_er)X =
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which at the non-relativistic limit can be written as:

[(;,—e/i)z e

m _2m6.B+eA0 X = (Po_m)l = Ex

As seen here, and this is the most important point of this exercise, the spin term which
was put 'by hand' in non-relativistic quantum mechanics, it emerges naturaly when one
considera a relativistic invariant equation. Hence, spin is a relativistic effect which is
predicted by a relativistic description of the interaction of an electromagentic field
with an electron.

Problem 3: Show that:

(a) PysY¥ is a pseudoscalar.
(b) Pysy" ¥ is an axial vector.

Comment on the Lorentz and parity properties of the quantities:
@ Py P¥y¥

(b) Py Ty W

)PP Y¥y W

(d) Py WP ysy, ¥

() Py'PPyY

Itis given that {yp,y"} = 0 .
Solution:

(a) Under Lorentz we have that:

Pr(x)ys¥'(x') = ¥ (x)y"ps ¥ (x7) = ¥ (x)S(4)y"ysS(A) P (x) =
Pr(x)ys W (x') = P (x)p'y' S (A)r"y58(4) P (x)

But we know that: §7(A) = »"S7(4)y" .
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Hence,
Pr(x )y (x') = P(x)s7(A)ps8(A) ¥ (x)

The Lorentz transformation for spinors, ., can be written in terms of powers of y*y”
pairs. The matrix s anti-commutes which each of the gamma matrices. Hence, s
commutes with the product of »“»" pairs. Therefore s commutes with § and we
have that:

Pr(x)ys¥'(x') = P(x)ps ¥ (x)
So it is Lorentz invariant.

Next check parity:

Pr(x)ysW'(x) = ¥ (x)'r¥'(x7) = P (x)r"y'rr'¥(x) =
Pr(x )y (x) = —P(x)psr" Y P (x) = =P (x)p, ¥ (x)

Hence, it is odd under parity. Quantities which are Lorentz invariant but odd under parity
are called pseudo-scalars.

Hence, ‘I’(x)ysq’(x) is a pseudo-scalar.
(b) Next consider the Lorentz transformation of the axial current:
JE = P(x )y (x) = [P () yr P (x) =

-
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I = P (x)S7(A)ys8(A)S7(A)y"S(A) P (x) = Px)p, ALy’ P (x) =

J!' = A" ¥(x)p,y’¥P(x) = Hence, it transforms as a vector under Lorentz.

Under parity you we get:

T = P(x )y (x7) = [P vy P (x) =
T = P(x)"psy " P (x) = (F)P(x)rr" vy P(x) =
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I = (1) P (x)ys(r) P (x) =
Jo' = (-1)J5
and

j5' = (+1)‘75

So J{ transforms under Lorentz as a vector but under parity it transforms in a way that
it is opposite from that of a polar vector. Hence, J is a axial vector.

Answering the last part should be easy:

(@ Pyy'vy 7, ¥ @ 1is Lorentz invariant because is it the dot product of a polar vector
and an axial vector. For the same reason it has negative parity.

(b) Pys¥ Py¥ : Obviously Lorentz invariant and even under parity as a product of
two pseudo-scalars each having odd parity.

(c) PY ¥y, ¥ : Lorentz invariant with odd parity (scalar times pseudo-scalar).

(d) Pysy" PV, 7. ¥ : Dot product of two axial vectors will be of course Lorentz
invariant with even parity.

() Py'P¥y . ¥ : Dot product of two polar vectors is both Lorentz invariant and even

under parity.

Problem 4: Let P be the parity operator acting on Dirac spinors such that:

P¥(x".p") = &'y (x", p")
Show that:

PYU(x", p") = +¥O(x"", p")
and
PW(—)(xﬂ,pﬂ) = _Y](-)(xl'r,pﬂ r)

where W™ W are the positive and negative energy solutions of the Dirac equation

and x" = (x";X), p" = (p";D), x"" = (x";-%) = (x";%") .
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Solution:
Positive Energy Solutions:
1 .
U (x", p") = VE+M| 35 | P >
E+M
_ _ o =-> —> ’
Py (x',p") = P (x"", p") = VE+ My’ i P XTIRE
E+M
1 _ 0 0+.(_->).->,
PP (x", p") = WO (x"', p") = NE+M| 5-(=p) | e P X TIPS 4
E+M

1 S oy !
PY](+)(xy’pp) — «/E+M _>_p>, se—lp X q](+)(xllr’p/‘ r)
E+M

Negative Energy Solutions

(<", p") JW(E M’x s

O'p _
)){e sz+tpx=

PO, ptt) = «/|E|+My(

Pq](-)(xﬂ,pﬂ) —
[ G p it iBe ( G-p i p X i (=p) % _
VIEEFMVE=-Mm | e tP P = JIE+MVE-Mm |z’ ' P Prx" =
-1 -1
_ﬂ__ﬁ) A i —inly!
—VE+M| E-M | 1€ 'PX — _JIE[+MVE-M x'e Lpx = =y (x*", p*")
+1
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In other words, as expected, the parity transformed spinor is a spinor that moves opposite
than the original as shown in Figure 1.

L

>
Figure 1: The effect of the parity operation on a spinor with momentum B . As seen here
parity reverses the momentum vector but does not affect the spin.

Problem 5: Consider the Dirac Hamiltonian:

H =-izV + pm
Show that:

[H#,y'iT] =0
where, [T is the coordinate parity operator such that IT f(7) = f(—F)

Solution:
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Problem 6: Consider the Dirac equation for an electron which couples to the
Electromagnetic field

[iy”(aﬂ—ieA”(x))—m]Y’(x) =0

where 4“(x) = (@(x);A(x)) is the electromagnetic field. Show that the
Dirac equation is invariant under parity provided that the electron and the
electromagnetic field transform under parity as follows.

ip 0

PY(%,t) = V' (%',t) = "Y' ¥(-X",1)

Pd(%,t) = &'(%',t) = &(-%',t) = &(X,1)

Solution:

[iy"(aﬂ—ieA”(x))—m]Y’(x) =0 =

i7°0,+i5-V +ey" @(%,1) =5 A(%,1)-m|¥(%,1) = 0 = (1)

'

[iyoao—i'f-v'+ey°di(—3'c',t)—e§7- (—?c',t)—m]?’(—i’c',t) =0 =

(=%, 0)-m|y"¥(-%",0) = 0 (2

ot

[iy060+i55-§ "+ey'd(—%',t)+e7-

By comparing (1) with (2) we see that Dirac's equation with electromagnetic coupling

remains invariant if

pr(x',t) = e’y ¥P(-%",1) 3)
D'(%',t) = &(-%',t) = &(%,1) 4)
Ar(x',1) = —A(-%",1) (5)

As seen here the spinor transforms as expected and the electromagnetic field transforms

as a polar vector.
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