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Particle Physics Homework Assignment 10

Prof. Costas Foudas 30/01/22

Problem 1: Show that ¢’¢ =—gao>

Solution:
The Pauli matrices satisfy

(6') =6 ., (6°) ==6", (') = ¢ and 66’ = ic"6"
Therefore we have
(@ 6'(6?) = -6’6
b) 6'(6') = 6'¢' = iV6’ = —-ie'P6’ = —ic’ (1)

oo’ =ie%e’ = ic’ (2)

M@ = 6*(6") = —6'6’

© 6'(6’) = 6’6’ = ic"6¢' = ie™6' = id 3)
o'c’ = iee' = —io' 4)
B) @ = 6*(6’) = -6’
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Problem 2: Show that in the Pauli Dirac representation the matrix C satisfies

Solution:
) cC'=1 = iyy'c' =1 = ¢ = (-i)(-1)(-1)y"y = —C
b) € = (iyy") = =i’V (") = =ir""v’ = —ivy’ = -C

o ¢ = (iy'y")" =i(’)'(") =i’y = -iy’y’ =-C

Problem 3: Show that
Y =CP?" and ¥, =-9'C"'
Solution:
) ¥, =Cl¥ =c@)(¥) =c(¥y) =c?

b) Y‘,c — (CYOYI*)+}’0 — YIT(]/'O)+C+ — —TT}’OC}’O — YIT})OJ’()C _ —YITC_I
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Problem 4: As shown in Homework Assignment 9 the spinor
vx) = Vi (L ) o
G-p

has negative helicity and can describe a neutrino with negative helicity which has been
detected in nature. Show that the charge conjugate of this spinor represents an anti-
neutrino with negative helicity which has not been detected in nature. This means that
the interaction which is responsible for the production of neutrinos violates the charge
conjugation symmetry.

Solution:

Ve(x) = [P = iy [¥(x)] = i(—(:;z zz)ﬁ(aii))xzeﬂpx >

2% A .
i‘/E(O' c -zp)xze+tpx — l\/E(
—0

10 = Vo7 )it = (7 -

<
2‘\
Kad
Il
Y

'f?(—Gz) 2 +ipx
g Xe =

?,C(x) _ —u3(—}5;m=0)e+lpx _ _ _ )e+lpx
The resulting spinor has positive energy and negative helicity. This can be demonstrated
as follows.

22’ u3(2’,’m=0) = "3(;7’”1:0) =
_Eﬁ u3(_ﬁ’m:0) = u3(_i’m=0) =

Hence, the spinor we obtain after charge conjugating a negative helicity neutrino spinor is
an anti-neutrino spinor with negative helicity. Experimentally we have not observed anti-
neutrinos with negative helicity so the weak interaction violates change conjugation
symmetry. In this discussion we have assumed that the mass of the neutrino is zero.
Today we know that neutrinos have non-zero mass however small it may be. Hence, in
principle, although suppressed as shown in Lecture 9, anti-neutrinos with negative
helicity should exist in nature. This example demonstrates also that charge conjugation
changes particle to anti-particle without altering helicity.
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Problem 5: Use the charge conjugate spinor of a neutrino with negative helicity from the
previous problem

v (x) = —Jf(a-?’)xle“l’x

1
which as we have seen has negative helicity and calculate its parity inverted spinor
lPPC .
Solution:
—[=.4) tipx!
¥ pe(x) = (_1)3’0[‘/}5(611’} 2Pt ]»f__» o_o
X'==Xx,x '=x
[~ .,
1 0 . +
'I’pc(x) = (—1)«/5(0 _1)\6111)11[(, px ]},=_k>’x0,=x0 =
=5 . 0 0 .o -
pcls) = (CINE(PP) PP
Y pe(x) = ‘/E(&.(l_i)))xleﬂpoxo_i(_ﬁ)'} =
Y’PC(x) - u(3)(7);m=0)e+ipox°—i(—f7)'?€ .
« 0 0 . >\ >
Y’PC(x) = U(z)(—ﬁ,’m=0)e+lp X —1i (—p).x
However,

N

Ip uw'(pim=0) = u'(p;m=0) = Z-p ’(=p;m=0) = v’(~=p;m=0)
Hence, the combined PC operation transformed a negative helicity neutrino to a positive
helicity anti-neutrino which exists in nature. Alternatively, one could have started by

applying parity first and then charge conjugation. The result would have been the same up
to a phase.

B(p;m=0) TP X —i(=P)F
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Problem 6: Consider the Majorana representation of the Dirac matrices which is given by

0 _ 0 0'2 1 _ i 0'3 0 2 0 - 0'2 3 —i O'l 0
/ o 0]’ / 0 o 7 o 0 7 0 o
. In this representation one can define a

Show that in this representation ¥, = ¥
= ¥Y+¥, . Show that y, provided that it represents a neutral particle, is also

spinor X
a solution of the Dirac equation which is real and satisfies x = . .Inother words it

represents a particle which is identical to its antiparticle.

Solution: In a similar was as in the lecture we setup the equations for particle and

antiparticle.
[iy"(8,—ieA,)—m]¥(x) = 0 (1)
[iy"(6,+ieA,)-m]¥ (x) = 0 )
P, =Cy¥Y =¥ =,c'Y, (3)

From (1) and (3) we have that
[~i(y") (8, +ied,)-m]y'CT'¥ (x) = 0 (4

In the Majorana representation  (°)" = —p°

=0 (5)

Therefore (y”)+ = yoy”yo = (y”)
From (4) and (5) we have that
[=ir' (") (0, +ied,)-m]y’' ' (x) = 0 =

[—icy'y (") y'y' ' (8,+ied,)—m]¥ (x) =0 =
— 0 6)

[—ic(y")'Cc™(0,+ied,)—m]¥. (x)

By comparing (2) and (6) we conclude that if the transformation described in (3) exists if

one can find a matrix C which satisfies
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c(y)ct =y (7)
This result is no surprise of course since we have shown already in Lecture 10 in a
representation independent way that this must be true if a charge conjugation operator is
to be found.
In the Majorana representation we have that
N ==" O =8 ) =+ ) =+ ®
Hence, from (7) and (8) we have that
(€71 =0 . {Ch}y =0, {C,r'} =0, {Cr’}=0 (9
Clearly (9) implies that
c =y (10)
Substituting (10) in to (3) one gets
Y, =CyY¥Y >V, =¥

Hence, in the Majorana representation the charge conjugation operation is simply the
complex conjugation operation.

Next define
1 =V+¥, = Y+¥ = yx =g,
¥ 1s clearly real and is a solution of the Dirac equation if  is neutral. Hence, y represents

a neutral fermion which is identical to its antiparticle. People have speculated that the
neutrino may be a majorana particle but this has not been confirmed experimentally.
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Problem 7: Show that the particle and antiparticle spinors can be expressed as
(a) W (Fom) = T2 o 0,m)
VE+m
(b) o (pym) = L2 0, m)
VE+m
where
1) o)
M%mm)= g ' f%mm)= ; '
v v
[0 o]
Q) 10 (2) _10
v ULm) ol ) ULm) 1
g U
Solution:
yﬂpﬂ_*_m 1 0.0 = - 1 P0+m _3'ﬁ
= —v-p+ =
2 VE +m «/E+M(p y'=Fptm) JE+M| 5 —p'+m|
’ 1 28D
Yy p,tm E+m
i = JE+
VE+m VB +m &p —p'+m

E+m E+m

1 —Gp 1
E+m (s) > > s (s)( =
VE+m - 0 X u (O,m) = VE+m op | X x =u (p,m
c'p —p +m E
+m
E+m E+m

where y' = (z) and y' = (2)
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—y'p,+m 1 00, % 1 |-p'+m &P
b £ = —p' P +7ptm) = —— =
) JErm = B P ATREm) = et —3p  p+m
, —p+m Gp
VE+m -G p
E+m
|
) -p'+m &P
— + 0
VP, ml)(S)(O,m) _ «/E+m pj—T E+m (s)(ﬂ, ) -
VE+m —&p ’
E+m
—y'p,tm 7 (s) (s)(
—y—«/E+ v (O,m) = VE+m| E+m |v (O,m) =0 (p,m)
m 1
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Problem 8: Show that
(" p,+m)y' (" p,+m) = 2E(y"p,+m)

Solution:

(" p+m)y’ (¥ p,Am) = ¥ p 'y p, + m(y"'+y" ) p, + m*y" (D)

v py' v p, = vy p.p, = 2=y +2¢")p.p, =

v py'y e, ==y p.p, + 20 p, =Py + 2Eyp, =

Y py'yp, = —my + 2Ey'p, (2)

m "y +y’y")p, = m2g"p, = 2mp’ = 2Em 3)
and from (1), (2), and (3) we have that

(" p,+m)y’(y" p,+m) = 2Em + 2Ey"'p, = 2E(y"p,+m)

H
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Problem 9: Show that

2
@ 2 up,m) ® 8 (p,m) =y p,+m

2
® X dp,m) ® 8)p,m) =y p,—m

Solution:

(a) From exercise 7 we have that

u u
u(p,m) = —f‘—yé:m x u(0,m) = &) (p,m) = a(0,m) x L2 (1
m

Hence, using (1) we have that

3 u(p.m)ea (pom) = 1L 0, myea 0,mpx B (o
However,

S () () (1) (1) 3 g 1+

2 u(0,men(0,m) = | " 0 o o= =5 3)

0 0 0 O

and from (2) and (3) we have that

3 m)ot(pm) = L e

TEan Pt m)" D m)+( ptm)y (7 pytm)] @
However,

¢ p,+m)(y" p,+m) = 2m(y" p,+m) (3)
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Using the results from exercise 8 and (4) and (5) we have that
2
al ([ = -\ - 1
Z;u( (p,m)ea(p,m) = W[Zm(yﬂpﬂ+m)+2E(?”Pﬂ+m)] =
2 (p,m)@a”(p,m) =y p,+m
a=1
(b) From exercise (7) we have that
—aH M
v(s)(-»’m) _ ‘J};j:’m % o(‘)(o,m) , 6(‘)(25,m) — T)(‘)(O,m) X E}Epi;m
and using them we get
2
2 0(p,m)®s(p,m) =
a=1
(=7 Putm) s (@) 0\ oy 7 Putm)
,0)® ,0)[—F—L——+ 1
TEaw 1207, 0)0"(3, 0 = (1
However,
, 00 0 0
(a) (= —(a)( = 10 0 0 07 _ y“—l
(2 23,009 G.01 = |y ¢ 5 o] =53 @)
0 0 0 -1
and by substituting (2) into (1) you get
" () e 1 y'~1
a)( = —(a) (> _ W _H
Z:v (p,m)@s"(p,m) = L (=v"p,+m) —=(=r"p,+m) (3)
It is easy to show that
(=" p,+m)y’(=y" p,+m) = 2E(+y" p,—m) €
(=v*p,+tm)(=y"p,+m) = 2m(m—y"p,) (%)
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and from (3), (4) and (5) we have that

[ZE(y"p”—m)—Zm(—y”pﬂ+m)] =

e/\
&
<
3
®
SR
S
S
2
I

2(E+m)

Z v(a)(ﬁ’m)®5(a)(ﬁ’ m) = (yﬂp,,_m)
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