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Particle Physics, 4™ year undergraduate, University of Ioannina

The Dirac Equation under Lorentz Transformations —
Intrinsic Parity
Prof. Costas Foudas, 29/11/22

In the last lecture we studied the solutions of the Dirac equation which in a covariant
form is given by:

[iy"0,—m]¥(x) = 0 (1)
The Dirac matrices obey the anti-commutation relationships:
{(», 7} = 28" 2)

However, we still have not proven that this equation is Lorentz invariant which is the
basic requirement for all serious theories and equations in physics. We still don't know
how a spinor transforms under Lorentz transformations. In fact we don't even know yet if
a field ¥ '(x ') in the moving frame O' can be constructed in terms of the field ¥ (x) in
the rest frame O such that the Dirac equation remains invariant. It is tempting to say that
y" 0, must be a Lorentz invariant since it sure looks like the dot product of two 4-vectors.
Hence, the answer must be trivial ¥ '(x’) = ¥(x)just like it was with the Klein
Gordon Equation. However tempting it might be, it is also wrong. Nowhere before have
we shown that y* is a contravariant 4-vector and in fact it is not a 4-vector but it is simply
a set of four constant matrices. Things look more complicated than in the case of the
Klein-Gordon case. Hence, we suspect that ¥ (x) must transform in a more complex way
than the scalar field. In this lecture it will be shown that for a given Lorentz
transformation of the space-time coordinates, there is a transformation of ¥ (x) which
leaves the Dirac equation invariant.

The same is true for Parity transformations. Here too one cannot claim that y*
transforms like a polar vector under parity and follow the Klein-Gordon approach. Hence,
the second goal of this lecture is to show also that the Dirac equation is invariant under

parity.

In doing these we will also show how the spinor fields should transform under Parity and
Lorentz transformations so that the Dirac equation remains invariant.

Lorentz Covariance of the Dirac Equation
Consider the infinitesimal Lorentz transformation, A* = ¢+ ", , which transforms

tensors from reference frame O to the reference frame O'. The tensor " generates an
infinitesimal Lorentz transformation (infinitesimal boost or infinitesimal rotation or both)

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 1



Lecture 7 @nﬂ'_“nw.

LT LR
18 M
5E e
B S
"'@met\f’&}

Particle Physics, 4™ year undergraduate, University of Ioannina

and it is considered to be a quantity that is smaller than one. In other words the major
contribution to A” comes from the unity matrix ¢” and ®” is the generator of
infinitesimal Lorentz transformations. As shown before, 4-vectors in the reference frame
O transform in to the O' reference frame as:

x" = A" x" = (0" +e")x" and

v

_ a s _ a a
x,'x" = Alx, A" x" = (0 40 )x,(0"+0") X =
— a a a a ﬂ
x, x" = (6,8"40, 0"+, 8 to, 0")x,x" =
and by neglecting terms which are quadratic in @”, we get that:

r By B B

x, x"" = (0%+o"to,)x,x" = x, x"+o"Fo,)x,x

Since the dot product of two 4-vectors must be invariant under Lorentz it must be that

a a

(a)ﬂ+a)ﬂ) =0= 0, =—-0,,

Therefore the generator of the Lorentz transformations must be an antisymmetric matrix.

To prove that the Dirac equation is invariant under Lorentz transformations consider a
spin half particle moving in space and an observer in a rest frame of reference, O, making
measurements and determining that the properties of this fermion are described by the
Dirac equation shown in (1). Consider a second observer in a moving frame, O', who also
measures the properties of the same fermion in his frame. Both observers realize that they
are related by a Lorentz transformation (for example they can see that the move closer or
away from each other) and know how to translate the values of a given quantity from one
reference frame to the other (they both know special relativity).

If the Dirac equation is going to be the same (invariant) for the two observers it must be

that the observer in the O' coordinate frame concludes, by observing the fermion, that its
wave function satisfies the equation:

[iy"8,"-m]¥'(x') = 0 (3)
As stated before, for the whole picture to be consistent with special relativity it must be

that the observer in O can use special relativity and transform equation (1) in his frame
and predict that the observer in O' should indeed observe equation (3).

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 2
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The question is, if there is a choice of ¥ '(x ') which satisfy (3) and can be derived from
the corresponding quantities in the O reference frame. Note that although p# is a set of
four constant matrices, it can be expressed in a different Dirac matrix representations.
However, according to a theorem by W. Pauli, all Dirac matrix representations are
equivalent (same physics results). That is, they are related by a unitary transformation of
the form $#'=Uyp*U™" where U is a unitary matrix ( U '=U" ). Lets start by
assuming thata ¥ '(x') exists such that:

vi(x') = S(4)¥(x) )
It seems to be a reasonable assumption that the object that transforms the spinor ¥ (x)

from one frame to the other should be a 4 x 4 object which must depend upon the Lorentz
transformation matrix A . Of course if (4) is true then it must be that:

Y(x) = SA)'P'(x) = s(AYP'(x") (5)

) = iy Z=mls(a) ¥ (x) = 0 =

[iy”A“ﬂ#—m]S(A)_lT’(x V=0 =
[i$(A)y"S(A)" A, —Lemm]®(x7) = 0 (©)

"ox"
Hence, by comparing (6) with (3) we conclude that the matrix §(A4) must satisfy:
S(A)y"s(A)" 2%, = y* =
y" = (4),8(A)y"s(4)” (7)
and the question is if sucha S(A) exists. It turns out that it does exist and has the form:

s(a) = e (®)

where:

A", = & +eo’, and " = %[J’”,?”]

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 3
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The matrix S () obeys: ST =y’

Hence, from (6), (7), (8) we have that he Dirac equation is Lorentz invariant provided that
the spinor transforms under (8) as:

v (x') = S(A)P(x) = S(A)P(4"'x’)

In other words the observer in O' will conclude that the physics of spin half fermions is
also described in his reference frame by the Dirac equation. However, his coordinate and
time measurements will be different (in terms of x*’) and his spinor will also be
different: S(A)¥(x) = S(A)¥ (A" x"). So as seen here the spinor field transforms
under Lorentz in a very different way than the scalar field.

Exercise 1: Show that S(A)™" = y"S(A4)" "

Solution:
S(A):ells[yﬂy ]wpw (1)
g - + o+
P T = ST =TTy =
Pyt = Y = ="yt = =] 2)

From (1) and (2) we have that

_lls[y”’yv]w/lv

y's(4)y" = e = S(4)"

The Dirac Equation under Parity Transformations

In a similar way one can study the properties of the Dirac equation under parity. Unlike
the Lorentz transformation parity is a discrete transformations where:

P: t->t'=¢t ; X-oXxX'=-X (P)
As before we assume that we have a spin half particle and we are interested to study its
properties as seen from two reference frames: O and it its parity inverted partner O'.

Consider also two observers, one in each frame, who know that they live in parity
inverted worlds. Do both conclude that the particle obeys the Dirac equation ?

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 4
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Start with the Dirac equation in the O frame:
[iy"0,—m]¥(x) = 0 =
. u_0
iy =——m]¥(x) = 0=
[iy"——m] (x)
[iy"ﬁﬂi"v}—m]?’(x) =0 (1)

where V. is the nabla operator as a function of the vector %. Note that the sign for the
vector product is plus and it is correct because of the definition of the 4-derivative is

d 6=(8,+V)

# ox"

So equation (1) has the time and the space variable separate and the observer in O can use
it to predict how would it look in the parity inverted world of O":

[i7' %55V

'—m]¥(=X',t) = 0 )

=V

where v} ’is the nabla operator as a function of the vector X’. From the first point of
view this is not the Dirac equation precisely because of the minus in the vector product
which came up when we translated ? in the parity inverted system. However this can be
repaired by multiplying both sides by ' and using the Dirac matrices anti-commutation
relationships {y’,y'} = 2% = 0 :

e a -->-> ->
From (2) we have that: J’O[li’om—li’vz'—m]q’(_x"t) =0 =

[iﬁ’oaa +iF Ve —mly" W(=%",t) = 0 3)

0
x
Equation (3) is the Dirac equation and if the free spin-half fermion physics is to be parity

invariant the observer in Q' should conclude that the fermion in his frame obeys:

[y 2545 Ve —m]w(%,1) = 0 @
ox

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 5
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Particle Physics, 4™ year undergraduate, University of Ioannina

Hence, the Dirac equation is invariant under parity if at the same time that we
change the coordinates according to (P) we also transform the spinor as:

pr(xr,t) = e’y (X,1) = Y P(=%",1)
As seen here there is also an additional arbitrary phase.

Next we investigate what happens if we apply the parity operator on the solutions of the
Dirac equation. Recall the solutions of the Dirac equation for massive spin-half fermions
at the particle rest frame. The positive solutions of the Dirac equation were:

1 0
wi(e) = [ofe™ and w0 = | i)™

0

and the negative energy ones were:

0 0
Y’z'(t) _ (1) et and Y’4(x) _ g otimt
0 1

The effect of the parity operator on them is:

[1 0 o ol[d] M
1 01 0 O MBOY -ime _ O} -ime _ 1
PY’(t)— 00 -1 0 0e =1 e —(+1)Y’(t)
0 0 o —1f|0, M
[+ 0 o ool [ o
2 101 0 O W1Y -ime _ Q1) -ime _ 2
P‘P(t) =1o 0o =1 ollo e =1 e = (+1)Y’(t)
\0 0 0 -1 0} M
[+ 0 o ool [ o
3 _ 101 0 O WOR +im _ § OFf +im _ (_ 3
PYP(t) = 0o 0 -1 ollilE™ =120 = (-1)¥*(¢)
\0 0 0 -1 0} \0

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 6
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Particle Physics, 4™ year undergraduate, University of Ioannina

0 0})0 0
0 O QO +im _ | O +im _ (_ 4

o o e ol I e (-1)¥*(z)
0 -—-1J\1 -1

Hence, the negative energy solutions have opposite parity than the positive energy
solutions. As we shall see later the negative energy solutions are associated with
antiparticles and the positive energy solutions with particles. Hence, anti-fermions
have opposite parity than fermions.

PY(t) =

coo =
S omo
I
k.

The effect of the parity operator on the general free-particle Dirac solution can be seen
when it is acting on the positive energy Dirac solutions:

E+m E+m
Hence,
- 1 0 1 —ip"x,+ip-X
Pl "(%',1) = PY’(S)(EE,t) = N 0 —1 D |1e 0 =
B E+m
1 —ip x,—i p-x'
T(S)V(.'x’!’t) = qu(s)(},t) =N a»_ _i; Xse 0 =
E+m
! ip’ x,+i(=p)%x’
Pr(Zr,e) = PPYI(E,0) = N 3(-p) | xe 0 = w(%',t,-p)

As expected the 3-momentum vector flips without any further change to the spinor form.

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 7
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Particle Physics, 4™ year undergraduate, University of Ioannina

Bilinear Covariants:

Now that the Lorentz and parity transformations of the spinors are known we can
construct quantities which have definite Lorentz and parity properties. These quantities
can be used later to built Lagrangians for different theories or currents which have well
defined Lorentz transformation properties.

Example 1: Consider the spinor function: % (x)¥(x) . It can be shown that this is a
scalar. That is invariant under Lorentz and with positive parity.

Solution: We consider this quantity in the O' reference frame and we will study how
does it transform under Lorentz transformations:

Prix)w(x) =¥ (x)y"w (x) = (S(A)P(x)"’s(A)P(x) =
Pr(x)w(xr) = ¥(x)"S(4) Y S(4)P(x) >

Pr(x)(x) = ¥(x)Pr's(A) ys(4)¥(x) =

Prix)¥'(x) = P(x)y"s(4)y'S(A)P(x) = P(x)5(4)S(4)P(x) =
Z'(x")?'(x’') = P(x)¥(x).Hence, it is invariant under Lorentz.

Here we have used the property of Lorentz transformations: §~' = y'§*y’
Under parity it transforms as follows:

LR = P(ERL)PY (R = (PP ED)) Y P (Re) =

7r(x,0)P'(x',1)

X,y Y P(X,e) = P(R,0)P(%,1).
Hence it is invariant under parity and Lorentz so it is a scalar.

Example 2: Consider the spinor function: J*(x) = ¥ (x)p” ¥ (x) . It can be shown
that this transforms as a polar vector under Lorentz and parity.

Solution:
Consider first the transformation properties under Lorentz:

() = B R () = )P () =

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 8
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I (xr) = () (x0) = PT(x)ST(A)y"y s () P (x) =
I (xr) = ()" ST (A)r'y S (A)(x) =
J''(x1) = ¥ (x)y"ST(A)y"y" S (4) ¥ (x) (A)
However, we have shown that
S—l — y0S+y0 (B)
and (A) and (B) give:
J"(x7) = P(x)$7(A)y"S(4) ¥ (x) ©

As seen in (7) necessary condition for the Dirac Equation to be Lorentz invariant was:

s(a)'y"s(a) = (4),y" = (D)
Using (C) and (D) we get that.
T (x7) = P x)(4), ¥ (x) =
T4 (x7) = (A), P (x)r" ¥ (x)
Hence, J*(x) = ¥(x)y"¥(x) transforms as a Lorentz vector.
Next lets see how does it transform under parity.
xRy () = Gy Yy () = PR PR

Using the antic-commutation relationship {y”,y"} = 2 g”” we can change the order that
the gamma matrices are being multiplied:

p,v = 0: Py =280 =22 " =1

0i _ 0 i i 0

u=0,v=i=123: y'y'+y'y’' = 2¢g

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 9
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Particle Physics, 4™ year undergraduate, University of Ioannina

Hence, under parity we have that:

J(x) = Pr(x)ywr(x) = ()" (x0) = ()Y P (x) =

J'(x) = ()" P (x) = P(x)r"P(x) = J'(x)

Therefore J*(x) = ¥(x)y” ¥ (x) transforms as a 4-vector under Lorentz and as a
vector under parity hence it is a Vector. Sometime it is referred to as a Polar Vector to
be distinguished from Axial Vectors.

In general one can show that the following quantities, called Bilinear Covariants,
transform under Lorentz and Parity as follows:

(1) ¥ is aScalar (S).

(2) Py ¥ is a Pseudoscalar (P).
(3) ¥y"w isaPolar Vector (V).
(4) ¥y*y’ P is an Axial Vector (A).

(5) P[y",y"|¥ is a Tensor (T).

These quantities form a basis for expressing any 4x4 spinor current. Hence, one can use
them to write down the most general from of a current for a given interaction.

The Klein Gordon Equation under Parity:

Similarly one can study the invariance of the Klein-Gordon equation under parity. We
start by transforming the Klein-Gordon equation from the O reference frame to the parity-
inverted reference frame O'.

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch 10
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(0,0"+m")®(%,t) =0 =
(ai,,aix”wLm Jb(%,t) = 0 =
(aax" 6‘10 Vitm)o(Z,0) =0 =
(ﬁaio V. 4md)o(-%",t) = 0

this is to be compared with

LL_-’*Z 2 (T =
(- Vetem)o () = 0
From (1) and (2) we have that
&'(%',1) = "D(=X",1) = e D(%,1)

Hence, @ must either be a scalar or a pseudoscalar.

Lecturer: Prof. C. Foudas, Physics F3.303, Costas.Fountas@cern.ch
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