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Problem 1:  Consider Ψ = (uA

uB
) to be solution of the Dirac equation where uA , uB are 

two-component spinors.  Show that in the non-relativistic limit where β is considerably 
smaller than 1,  uB ∼ β = υ/ c .

Problem 2:  Show that at the non-relativistic limit the motion of a spin half fermion of
charge e at the presence of an electromagnetic field Aμ

= (A0 ; A⃗) is described by:

                               [ ( p⃗−e A⃗)
2

2m
−

e
2m

σ⃗⋅B⃗ + eA0] χ = E χ

where B⃗ is the magnetic field, σ i are the Pauli matrices and E= p0
−m . Identify the g-

factor of the fermion and show that the Dirac equation predicts the correct gyromagnetic
ratio  for  the  fermion.  To  write  down  the  Dirac  equation  at  the  presence  of  an
electromagnetic field substitute: pμ

→ pμ
− eAμ .

Problem 3:  Show that:

(a) Ψ̄ γ5Ψ is a pseudoscalar.
(b) Ψ̄ γ5γ

μΨ is an axial vector.

Comment on the Lorentz and parity properties of the quantities:

(a) Ψ̄ γ5γ
μΨ Ψ̄ γμΨ   

(b) Ψ̄ γ5Ψ Ψ̄ γ5Ψ   
(c) Ψ̄ Ψ Ψ̄ γ5Ψ   
(d) Ψ̄ γ5γ

μΨ Ψ̄ γ5 γμΨ   

(e) Ψ̄ γ μΨ Ψ̄ γμΨ   

It is given that {γ5,γ
μ
} = 0 .
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Problem 4: Let P be the parity operator acting on Dirac spinors such that:

                                         P Ψ (x μ . pμ
) = ei φγ0Ψ ( x μ , pμ

)
Show that:

                                       P Ψ (+)
(x μ , p μ

) = +Ψ (+)
(x μ ' , pμ ' )

and
                                       P Ψ (-)

( x μ , p μ
) = −Ψ (-)

( x μ ' , pμ ')

where Ψ
(+) , Ψ

(-) are the positive and negative energy solutions of the Dirac equation 
and x μ

= ( x0 ; x⃗) , pμ
= ( p0 ; p⃗) , x μ ' = (x0 ;− x⃗) = ( x0 ; x⃗ ') ,

       p μ ' = ( p0 ;− p⃗) = ( p0 ; p⃗ ') .

Problem 5: Consider the Dirac Hamiltonian:

                                        Ĥ = −i α⃗⋅∇⃗ + βm .  
Show that:                             

                                             [ Ĥ ,γ0 Π̂ ] = 0

where, Π̂ is the coordinate parity operator such that Π̂ f ( r⃗ ) = f (− r⃗ ) .

Problem 6: Consider the Dirac equation for an electron which couples to the 
                    Electromagnetic field

                                       [ iγμ (∂μ− i e Aμ (x ))−m ]Ψ ( x) = 0

                 where Aμ
( x) = (Φ( x) ; A⃗( x)) is the electromagnetic field. Show that the 

                 Dirac equation is invariant under parity provided that the electron and the   
                 electromagnetic field transform under parity as follows.

                              P Ψ ( x⃗ , t ) = Ψ ' ( x⃗ ' , t) = e iφγ0 Ψ (− x⃗ ' , t )

                              P Φ( x⃗ , t ) = Φ' ( x⃗ ' , t) = Φ(− x⃗ ' , t ) = Φ( x⃗ , t)

                              P A⃗( x⃗ , t ) = A⃗' ( x⃗ ' , t ) = − A⃗(− x⃗ ' , t)
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